CORRECTION TO "FIBERS OF TROPICALIZATION" 
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Abstract. This note explains an error in Proposition 5.1 of "Fibers of tropi- 
calization," Math. Z. 262 (2009), no. 2, 301-311, discovered by W. Buczynska 
and F. Sottile, and fills the resulting gap in the proof of the paper's main 
theorem. 



Part (3) of Proposition 5.1 in |Pay09 claims that if X is a subvariety of a torus 
T containing the identity then there is a split surjection tp : T — > T' such that the 
image of X is a hypersurface and the intersection of the initial degeneration Xq with 
the kernel of tp is {It}- This claim is false, and the following is a counterexample. 

Example 1. Suppose the characteristic of K is not 2, and let X be a curve in a 
three-dimensional torus containing all eight 2-torsion points of T. Then Xq contains 
all eight 2-torsion points of T and, for any projection tp from T to a two dimensional 
torus, the kernel of tpo contains four 2-torsion points, all of which are in Xq- 

The falsehood of part (3) of Proposition 5.1 leaves an essential gap in the proof of 
Theorem 4.1, which is the main result of |Pay09 . This result has now been proved 
independently by different means, including nonarchimedean analysis |Gubl21 Pro- 
position 4.14] and noetherian approximation [OP101 Theorem 4.2.5]. The original 
proposed method of proof using split surjections of tori to decrease the codimension 
may be of independent interest, but the error in Proposition 5.1 interferes with the 
reduction to the hypersurface case. 

Here, we complete the proof of Theorem 4.1 via the original method of split 
surjections of tori by projecting even further, onto a torus of dimension equal to 
dimX, and using the going-down theorem for finite extensions of integral domains. 

Remark 2. The second main result of |Pay09| is Corollary 4.2, which says that the 
fibers of the classical tropicalization map from X(K) to Nq are Zariski dense. The 
error in Proposition 5.1 does not create a serious gap in the proof of this weaker 
result; the original arguments can be modified, as follows, to obtain Corollary 4.2 
without deducing it from Theorem 4.1. 

Parts (1) and (2) of Proposition 5.1 reduce Corollary 4.2 to the hypersurface 
case, and Proposition 6.1 shows that if X is a hypersurface then Trop~ 1 (w) CI X{K) 
is infinite. The argument in Section 6.3 then goes through with x and Xrop~ (a;) 
replaced by v and Trop~ (v), respectively. 

To prove Theorem 4.1, we first consider the special case when X is a torus. 

Lemma 3. For any v € Ng and x £ T v {k), the fiber %top~ (x) is Zariski dense 
in T . 

Proof. After translation, we may assume that v = and x = It- If T = K* is 
one-dimensional then Ttop -1 '(It) is identified with the subset 1+m of the valuation 
ring R, which is infinite and hence Zariski dense. For T of arbitrary dimension n, 
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choose an isomorphism from T to [K*) n . Then Trop 1 (1t) is identified with the 
product of dense sets (1 + m)", and is therefore dense. □ 

Next, we choose a suitable projection from X to a torus of dimension equal to 
divaX. Say X has dimension d. Recall that the set of v in Ng. such that X v is 
nonempty is the underlying set of a finite polyhedral complex A of pure dimension 
d. Projecting along a general rational subspace of codimension d in TVq maps each 
face of A isomorphically onto its image. Such a projection corresponds to a split 
surjection of tori ip : T — > T' with the property that, for each v' £ N' Gl the preimage 

<jT x {vf) nTrop(X) 

is finite, where 4> '■ Nq — >• N' G is the linear map induced by ip. 

Say vq, . . . , v s are the finitely many preimages in A of <f>(v), where vo = v. Each of 
the schemes T Vo , . . . ,T Vs over Speci? contains the torus Tk as an open subscheme, 
and the morphisms <p Vi : T Vi —> T^,-. all agree on Tk- Therefore, we can glue these 
schemes and morphisms to get 

T Vo U • • • U T Vs — > 

over Spec R. We write $ for the restriction of this morphism to the closure of X 
and prove Theorem 4.1 using the following technical result. 

Proposition 4. The morphism $ : X va U • • ■ U X Va — > T'^s is finite. 

Here X Vi denotes the closure of X in T Vi . The schemes X Vi and T'^,-. over SpecR 
are not noetherian, but this does not create any additional difficulties. We deduce 
Theorem 4.1 from Proposition [4] using the going-down theorem for finite extensions 
of an integrally closed domain, which has no noetherian hypothesis. 

Proof of Theorem J^.l. First, we show that R[M']^ V ^ is an integrally closed domain. 
Translating by a point in Trop - ((t>( v )) induces an isomorphism from R[M']^ V ^ to 
R[M'] which is a localization of a polynomial ring over the integrally closed domain 
R, and hence an integrally closed domain, by |Mat80| Proposition 17.B(2)] and 
|Mat891 Example 9.3]. 

By Lemma [3l the points x' in Trop _1 (v?„(x) are dense in T'. By the going- 
down theorem for finite extensions of an integrally closed domain [Mat89[ Theo- 
rem 9.4(h)], for each such x' there is a point x £ X(K) specializing to x such that 
tp(x) = x' . This shows that the image of Trop - (x) n X(K) is Zariski dense in 
T'. Since ip is finite, it follows that Tcop -1 (x) n X(K) is Zariski dense in X, as 
required. □ 

It remains to prove Proposition |4] To do this, we work with G-admissible fans 
and the associated toric schemes over Spec R, as in |Gubl2) , to which we refer the 
reader for details of these constructions. Choose a G-admissible fan structure E' 
on JVjg x R>o that contains R>o • (4>(v),l) as a 1-dimensional face. Let E be a 
G-admissible fan on A/jg x R>o such that 

(1) For each face r £ A, the cone M>o • (r X 1) is a union of faces of E. 

(2) For each face a £ E, the image (<f> x 1)(ct) is contained in a face of E'. 
Let and y%> be the corresponding toric schemes over Spec R, as defined in 
|Gubl21 Section 7], containing T K and T' K as dense open subschemes, respectively, 
and let X% be the closure of X in 3^s- Since E' contains JR> • ((f>(v), 1), the toric 
scheme y^< contains T[, y) as an open subscheme. Then, by (1) and (2), the cones 
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R>o(^i, 1) must be cones in S, for i = 0, . . . , s, and hence Xy contains X Uo U- • -L)X Vs 
as an open subscheme as well. 

The morphism tp : Tjc — > T' K extends to a morphism of toric schemes from 
to y-£i, by |Gub l2, 11.9], and we write <& for the restriction of this morphism to 
X%. The morphism $ in Proposition 0] is the restriction of $ to X vo U • • • U X Vs . 

Lemma 5. The morphism $ : Xy — > 3^s' is proper and of finite presentation. 

Proof. By [Gubl2, Proposition 11.12] and (1), the scheme Xy is proper over Spec R. 
Since J^E' is separated over Spec R |Gubl2| Lemma 7.8], it follows that Xy is proper 
over y^ |Gro61l Corollary 5.4.3(i)]. 

Since £ is G-admissible and G is divisible, the toric scheme J^s is of finite pre- 
sentation over Spec R |Gubl2[ Proposition 6.7], and in particular it is of finite type 
over Speci?. Therefore, Xy is of finite type over Speci?. Since Xy is the closure 
of its generic fiber, by construction, it is also fiat, and hence of finite presentation 
over SpecR |RG71| Corollary 3.4.7]. Hence Xy is also of finite presentation over 
yY |Gro641 Proposition 1.6.2(v)]. □ 

Proof of Proposition^ By |Gubl2[ Lemma 11.6], the union X VQ U • • ■ U X Vs is the 
full preimage of T'^,s under <&. Therefore, by Lemma [5l $ is proper and of finite 
presentation. To show that $ is finite, it remains to show that it has finite fibers 
|Gro66[ Theorem 8.11.1]. 

We begin with the general fiber of T^, v y If x' G T'(K), then the tropicalization 
of the fiber must be contained in _1 (Trop(x')) nTrop(X), which is finite 

by construction. Therefore, the fiber must be zero-dimensional and hence finite, 
since $ is of finite presentation. 

It remains to check the special fiber of T^ v y Suppose x' is in T^, v -,(k). The 
preimage of (k) is the disjoint union X Vf> U • • • U X Vs . Therefore, the tropical- 
ization of (1 X Vi must be contained in the fiber over under the natural 
map from the star of Vi in Troj>(X) to iV^, which is, again, finite by construc- 
tion. It follows that the fiber over x' must be zero-dimensional, and hence finite, 
as required. □ 

Remark 6. In addition to the error in Proposition 5.1, there is an unrelated sign 
error in Section 3 of |Pay09| , which appears in four places. At the bottom of p. 305, 
the tilted group ring should be defined as 

R[M] V = m - {u ' v) . 

The quotient k[T v ] of this ring by the ideal generated by m is then © MgM k~( u ' v \ 
the weight function on monomials is given by bx u i— » i/(b) + (u,v), and the weight 
of the monomial a u ^x u t % in Example 3.3 is i + (u, v). 

Acknowledgments. I am most grateful to W. Buczynska and F. Sottile for their 
careful reading and for bringing these mistakes to my attention. This work was 
supported in part by NSF DMS 1068689 and completed during a visit to the Max 
Planck Institute for Mathematics in Bonn, Germany. 
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